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Motivation & goal

> Multi-physics interactions occur in a wide variety of
scenarios:
> Engineering (steel-reinforced concrete, stent
emplacement)
> Biomechanics (collagen fibers in connective tissue, blood
flow & artery interactions)

> Different types of problems:
> Interface/Surface related (fluid-structure interaction,
contact between structures)
> Mixed-dimensional modelling (beam-solid interaction)
> Time-to-solution often dominated by cost for linear
solver:
> Challenging systems due to discretization and physics
prohibit out-of-the-box block smoothing

Scalable algebraic multigrid block-preconditioner library for multi-physics problems.
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Application I: Contact problems

1. Application I: Contact problems
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Contact - Problem formulation

Mechanical background:
> Finite deformation solid mechanics
> Non-penetration condition for unilateral contact

gh=0 AN pp <0 A gppp=0

> Weak constraint enforcement via Lagrange multiplier field A

Discretization with finite elements:

|
> Solid elements: Hex, Tet, Pyramid, Wedge, ... % ue) - ‘%ﬁ
> Mortar discretization at contact interface: standard or dual shape o Ih —
functions I T T T
s ] ut)
L]

= e 0y,
A %:cb,(g‘m‘)A,

= Primal/dual problem yields linear system with saddle point structure.
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Contact - Saddle point formulation

Solve the linear system':

Knvin, K 0 0 0 0 Ad Ty,

KMM KMM KMS 0 —GM; —GMTA Ad"ﬂYM m
0 KSM KSS KsM GD% GD; Adn+1’M rs
0 0 Kns Kwva, 0 0 Ad ””f} =—| ry
0 0 0 0 I 0 A/\””' 2 An+1,T
0 Nroo  Ng 0 0 0 A/\””’I g4
0 0 Fs 0 0 Ta A DY

Legend
(*)a;  inner DOFs of solid body i
(*)am  master DOFs
(-)s slave DOFs

d displacement DOFs
A Lagrange multipliers
gA Gap function

r residual

weighting factors for time integration

A. Popp. “Mortar Methods for Computational Contact Mechanics and General interface Problems”. PhD thesis.
Technische Universitat M inchen, 2012
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Contact - Saddle point formulation

Solve the linear system':

Kvivi Kyt 0 0 0 0 Adyer o N,
Kvan, Kavw Kus 0 —aML —aM)y Adnﬂ J\/'l Y
0 Ks Kss KS,’\/'Z GD; GDL Ad" +"S rs
0 0 Kns  Kavowg 0 0 Ad B I YA
0 0 0 0 [ 0 A )\””WZ Anirz
0 Noo Ng 0 0 0 A /\””'I g4
0 0 Fs 0 0 Ta A T
Legend
E;N L:I;Stre?g(F)Sch)f zedbediy > Structural equations
. M . .
cartesian coordinates
(-)s slave DOFs ( )
d displacement DOFs > Lagrange multipliers
Lagrange multiplier: .
A iR i > Contact constraints
gA Gap function ) )
r residual (ntt-formulation or xyz-formulation)

weighting factors for time integration

A. Popp. “Mortar Methods for Computational Contact Mechanics and General interface Problems”. PhD thesis.
Technische Universitat M inchen, 2012
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Contact - Saddle point formulation

Solve the linear system':

Kving, Kavom 0 0 0 0 Ao v LyNS
Kvw, K Kus 0 —aMp —aM)y Adn:]u fm
0 Ks Kss KSN'Z GD; GDL Adn :;'S rs
r v n+, = r
g g K':; g K'\S’N ’ (I) g Adyi )\rNZ .
A)\n+1,I et
0 N s Ns 0 0 0 AN gA
0 0 Fs 0 0 Ta 1A A
Legend
(*)a;  inner DOFs of solid body i Challenges:
(*)m  master DOFs » Saddle point structure
Sj’ )s Zliz‘[’)‘fa'zg::ent DOFs = Need for special saddle point solvers
A Lagrange multipliers > Aggregates spanning over the contact
g4  Gapfunction interface / Lagrange multiplier interface
r residual

weighting factors for time integration aggregation

A. Popp. “Mortar Methods for Computational Contact Mechanics and General interface Problems”.
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Contact - Aggregation procedure

Special MueLu factories Drop entries in the stiffness matrix:

> SegregatedAFactory:
Filtering of the matrix block representing the
solid body gurantees segregated aggregates of Knvinv,  Kvim 0 0

master and slave parts. K Kvnv: Ko Kus 0
= 1

» InterfaceAggregationFactory: 0 Ksat Kss Kso
Build aggregates for Lagrange multipliers from 0 0 K K z
the slave side’s — interface aggregates. NS NoN:

N

2T. Wiesner. “Flexible Aggregation-based Algebraic Multigrid Methods for Contact and Flow Problems”. PhD thesis.
Technische Universitat M tinchen, 2015
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Contact - Aggregation procedure

Special MueLu factories Drop entries in the stiffness matrix:

> SegregatedAFactory:
Filtering of the matrix block representing the

solid body gurantees segregated aggregates of Knvinv,  Kvim 0 0
master and slave parts. Kaov, K 0 0
p— 1
» InterfaceAggregationFactory: K= 0 0 Kss Ksn,
Build aggregates for Lagrange multipliers from 0 0 K
Nes K,

the slave side’s — interface aggregates.

2T. Wiesner. “Flexible Aggregation-based Algebraic Multigrid Methods for Contact and Flow Problems”. PhD thesis.
Technische Universitat M tinchen, 2015
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Contact - MueLu factory structure

) mySubBlockAFactory2 | :
)(-' H ‘mySubBlockAFactoryOffDiagonal |
Graph H myAmalgamationFact! Graph H myAmalgamationFact2 |
P e e pv— | l< ( )
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Contact - Benchmark problem

Dimension

Dimensions (L x W x H):

Discretization
max. # nodes:

max. # primal DOFs:

max. # dual DOFs:

max. # procs:

avg. # DOFs / proc:
Interface coupling

formulation:

Lagrange multipliers:

Solver
Newton tolerance:

GMRES tolerance:
Material parameters

0.8m x 0.8m x 0.4m
1.0mx 1.0 mx0.5m

7920200
23760600
118803
480

50k

saddle point
dual

108 (rel)
108 (rel)

Young’s moduli 10 MPa

Poisson’s ratio 0.3

Preconditioner
Fully-coupled SA/PA-AMG
» Max. coarse size: 5000
» Block smoother: 3x SIMPLE(0.8)
» Predictor step:  3x SGS (w = 1.0)
» Corrector step:  1x SGS (w = 1.0)
» Coarse solver:
» Direct solver (SuperLU)
» Same as level smoother
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Contact - Weak scaling study?

—@— AMG setup time (LU)

+ Iterations (LU) — @ — AMG setup time (CheapSIMPLE)
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2T, A. Wiesner, M. Mayr, A. Popp, M. W. Gee, and W. A. Wall. “Algebraic multigrid methods for saddle point systems
arising from mortar contact formulations”.

Max Firmbach | Institute for Mathematics and Computer-Based Simulation | University of the Bundeswehr Munich



Application Il: Beam/solid meshtying

2. Application IIl: Beam/solid meshtying
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BSI - Problem formulation

Hyperelastic solid as 3D Boltzmann Fibers as 1D Cosserat continua*:
continuum:
SWGy = 6Ming (o) — /QB or-fds — oWey )

L

5WS=/ S:EdV—/ b-5u5dV—/ t-ou®dA
o 95 rs > Simo-Reissner:

Minesr = 3 Joe T CEM+ Q' CyQds
> Kirchhoff:

I_Iint,KL = % fQB EAe® + QTCMQ ds
» Torsion-Free:

Mint,TR = 3 oo EA® + Els? ds
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BSI - Problem formulation®

Coupling:

> Weak enforcement of coupling constraints
along beam centerline with Lagrange
multiplier field A

» Coupling constraints

SWP—3D = SAU® — u®)ds
A rlD—3D

—oWiP=3D = / A(6u® — su) ds
r(l:D—3D

Discretization:

> Spatial discretization using Finite Elements
> Coupling discretization
> Gauss-point-to-segment (GPTS)
> Mortar-type approach
Penalty regularization:
A=ex(u® —u)
with penalty parameter ¢ and nodal scaling
matrix
K,(/) = CD]' dS|3><3

B
I—c,h

5. Steinbrecher, M. Mayr, M. J. Grill, J. Kremheller, C. Meier, and A. Popp. “A mortar-type finite element approach for

embedding 1D beams into 3D solid volumes”.

Max Firmbach | Institute for Mathematics and Computer-Based Simulation | University of the Bundeswehr Munich




BSI - Coupled system of equations

Beam/solid coupling in penalty formulation results in a linear system with 2 x 2 block structure:
KB+6DTI€71D —eD"k™'M Adg - rs
—eM"k™'D Ks+teM"k~'M ) \ Ads rs

(+)s solid contribution

()5 beam contribution
d displacement DOFs
r residual

€ penalty parameter
K

scaling factor
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BSI - Coupled system of equations

Beam/solid coupling in penalty formulation results in a linear system with 2 x 2 block structure:

Ke+eD'v™'D  —eD'w™'M '\ (DdgY _ (s
—eM"5T'D Ks+ MM )\ Ads rs

(+)s solid contribution )
> Beam equations

()5 beam contribution

d displacement DOFs > Structural equations
r residual » Coupling constraints
€ penalty parameter

K scaling factor
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BSI - Coupled system of equations

Beam/solid coupling in penalty formulation results in a linear system with 2 x 2 block structure:

Kg+eD'k™'D  —eD'k™'M Adg) _  (rs
—eM™k™'D Ks + eMT k="M Ads rs

I 10" [~ ]

g Challenges:

E 1071 . » Highly non-diagonal dominant and

c ill-conditioned block matrix due to penalty
2 0 y regularization

o

S ‘ ‘ ‘ > Block matrix may be nonsymmetric due to
(@]

10° 102 104 108 beam formulation
Penalty parameter € [—]
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BSI - Inverse approximation

Key idea: minimization of Frobenius norm®:

min |[AA — I]|¢

InverseApproximationfactory: with I being the set of all sparse matrices with
Explicit approximation of the inverse of a
matrix for e.g. schur complement calculation some known structure.

(diagonal, lumping, SPAI).

» SPAISmootherFactory:
Single field smoother using a sparse
approximate inverse as operator.

Using this information for smoothing results in
the following SPAl smoother’:

~

XK1= xK — AAXK — b) = x¥ — Ar

with A being a sparse approximate inverse.

7M. J. Grote and T. Huckle. “Parallel Preconditioning with Sparse Approximate Inverses”.

70. Broker and M. J. Grote. “Sparse approximate inverse smoothers for geometric and algebraic multigrid”.
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BSI - MuelLu factory structure
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BSI - Benchmark problem

Discretization

max. # Solid DOFs: 24361803

max. # Beam DOFs: 2037192

max. # procs: 1000

avg. # DOFs /proc: 50k
Interface coupling

Formulation: condensed

Lagrange multipliers:  standard

Penalty: e=102
Solver

Newton tolerance:  10~° (rel)

GMRES tolerance: 108 (rel)
Material parameters

Solid: Es = 1%, vs = 0.3

Beam:

hyperelastic Saint Venant-Kirchhoff model
Es =102, 15 =0.0
torsion-free Kirchhoff-Love model
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Preconditioner

Schur complement based SA-AMG
» Max. coarse size:
» Block smoother:
» Predictor step:
» Corrector step:
» Coarse solver:
» Direct solver (SuperLU)

6500

3x SIMPLE(0.8)

1x SPAI-Smoother (w =1.0)
ILU(1) (overlap=1)



BSI - Weak scaling study

—3— Iterations —>— Setup time —@— GMRES solver time
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Application IlI: Fluid/solid interaction

3. Application IlI: Fluid/solid interaction
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FSI - Linear system of equations

Solve the linear system:

Su Sr 0 0 Ad? rF 0
S Srr+ ELLPTRcP+ ISgPTRGP 1=gPTRy =RPTEE | | ad? | [ R mgPTE | [ (o M
0 LFrP+FEP Fy FS Auf rr 0
0 Ar 0 A Ad°® ré 0

(+); inner DOFs

(+)r interface DOFs

d displacement DOFs

A Lagrange multipliers

r residual

a,b  weighting factors for implicit time
integration (e.g. a := 1 — 0 for OST)
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FSI - Linear system of equations

Solve the linear system:

Sy S 0 0 Ad? r 0
S S+ ELLPTReP+ HOPTFGP 9PTRy epTEE | | add | | R+ 2P (—a+ 2=ghyyT
0 LFrP+FEP Fi FS Auf |~ r 0
0 Ar 0 Ay Ad°® ré 0
(-)i inner DOFs > Structural equations
(+)r interface DOFs . .
d displacement DOFs » Fluid equations
A Lagrange multipliers > Ale equations
r residual
a,b  weighting factors for implicit time » Coupling constraints

integration (e.g. a := 1 — 0 for OST)
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FSI - Linear system of equations

Solve the linear system:

M Sr 0 0 Ad,s rls 0
S S+ ZgLPTFrP+ =0 PTFRP RPTFy SEPTRR | | AdR | | R EEPTE || (e B M o
0 LFrP+FEP Fy F¢ Auf rf 0 i
0 Ar 0 A Ad°® ré 0

() inner DOFs Challenges:

(-)r interface DOFs > 3 x 3 block matrix with different single
d displacement DOFs field dnull di .

I\ Uagrange multipliers ield DOFs and nullspace dimensions

r residual > fluid field represents a saddle point
a,b  weighting factors for implicit time system

integration (e.g. a := 1 — 0 for OST)
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FSI - MuelLu factory structure

A H mySubBlockAFactory! N H mySubBlockAFactory2 | A H mySubBlockAFactory3 |
Graph H myAmalgamationFacti Graph H myAmalgamationFactz | Graph H ‘myAmalgamationFact3 |
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1— S
ve:
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FSI - Benchmark problem

Dimension

Length: 5cm

Radius / Wall thickness:  0.5cm/0.1cm
Discretization

max. # nodes: 2647128

max. # DOFs: 15801576

max. # procs: 316

avg. # DOFs / proc: 50k
Interface coupling
Formulation: condensed

Solver
Newton tolerance: 10— (rel) Fully-coupled SA-AMG

GMRES tolerance: 1075 (rel > Max. coarse size: 6500

Material parameters (rel) » Block smoother:  3x BlockGaussSeidel(w = 0.8)

. k » Solid step: Chebychev(p = 3)

Solid:  Es =3-10°-Y 15 =0.3, ps = 1200- )

. hS erelastircn—[S;irft Ver;a’nft)sKirchhof?model > Fluid step: ILU(0) (overlap= 0)

- yp_ - = » Ale step: Chebychev(p = 3)
Fluid:  pir =0.003, pr = 100075 » Coarse solver:

newtonian model » Direct solver (SuperLU)
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FSI - Weak scaling study

—3— lterations —¢— Setup time

—@— GMRES solver time
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Summary

Applications:

» Structural contact problems in
saddle point formulation

» Mixed-dimensional beam-solid

interaction with penalty
constraint enforcement

» Fluid-structure interaction in
condensed formulation

And many more:
Blocked Fluid, Thermo/Solid
interaction, ...

Multigrid block preconditioner:
> Fully monolithic multigrid for contact scenarios
» Schur complement based smoothers for 2 x 2 block
systems
> Special interface and segregated aggregation
> Block preconditioning based on Schur complement
for mixed dimensional modelling
> Sparse approximate inverse for approximation of
Schur complement
> Single field smoother based on the inverse
approximation
> Fully monolithic multigrid for fluid/solid interaction

> Blocked Gauss-Seidel smoother for n x n block
systems
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Thank you!

Collaborators:

> Matthias Mayr, UniBw M » Christopher Steimer, UniBw M

> Ivo Steinbrecher, UniBw M > Alexander Popp, UniBw M

References: =i INUS

Open-source implementation is available in
Trilinos/Muelu: https://trilinos.github.io/muelu.html
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wenaees Platform for High Performance Computing 0
Contact
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> https://www.unibw.de/imcs-en
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